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Recent studies show that two low-energy Van Hove singularities (VHSs) seen as two pronounced 
peaks in the density of states could be induced in twisted graphene bilayer. Here, we report angle 
dependent VHSs of slightly twisted graphene bilayer studied by scanning tunneling microscopy and 
spectroscopy. We show that energy difference of the two VHSs follows ΔEvhs ~ ћνFΔK between 1.0º and 
3.0º (here νF ~ 1.1×106 m/s is the Fermi velocity of monolayer graphene, ΔK = 2Ksin(θ/2) is the shift 
between the corresponding Dirac points of the twisted graphene bilayer). This result indicates that the 
rotation angle between graphene sheets not results in significant reduction of the Fermi velocity, which 
quite differs from that predicted by band structure calculations. However, around a twisted angle θ ~ 1.3º, 
the observed ΔEvhs ~ 0.11 eV is much smaller than the expected value ћνFΔK ~ 0.28 eV at 1.3º. The origin 
of the reduction of ΔEvhs at 1.3º is discussed.   
 
 
 
 
 
Graphene, a two-dimensional honeycomb lattice of 
carbon atoms, is considered as a strong candidate for post-
silicon electronic devices [1-7]. Its topological features of 
the electronic states can be changed by lattice 
deformations [8-13]. This is of fundamental importance in 
providing building blocks and device concepts for an all-
graphene circuit in the future. Compared with single-layer 
graphene, bilayer graphene displays even more complex 
electronic band structures and intriguing properties [14-
30]. Recent studies reveal that the low-energy band 
structure of graphene bilayer is extremely sensitive to the 
stacking sequence [14,18]. Two low-energy Van Hove 
singularities (VHSs), which originate from the two saddle 
points in the band structure, were observed in twisted 
graphene bilayer as two pronounced peaks in the density 
of states (DOS) [25,30]. Li et al. studied the VHSs of 
graphene bilayer (a chemical vapor deposition (CVD)-
grown graphene monolayer deposited on a graphite 
surface) with three different twisted angles by scanning 
tunneling microscopy and spectroscopy (STM and STS). 
They demonstrated that the energy difference of the two 
VHSs show a strong angle dependence [25]. After this 
seminal observation, several authors addressed the physics 
of twisted graphene bilayer theoretically and obtained 
many interesting results [31-40]. The most striking results 
are the significant angle-dependent reduction of the Fermi 
velocity and the appearance of almost dispersioneless 
bands (flat bands) around 1o ~ 1.5º [32,33,35,37-39]. It 
suggests that electrons in graphene bilayer can be changed 
from ballistic to localized by simply varying the rotation 
angle. However, a systematic experimental study of 
twisted angle dependent band structures in graphene 
bilayer is still scarce so far.      
 In this Letter, we address the twisted angle dependent 
VHSs in graphene bilayer (with twisted angle < 3.0º). The 
morphology and local DOS of the graphene bilayer with 
as many as eight different twisted angles were studied by 
STM and STS, respectively. The energy difference of the 
two VHSs increases linear with the sine of twisted angle, 
i.e., ΔEvhs ~ ћνFΔK, between 1.0º and 3.0º. Here νF ~ 
1.1×106 m/s, ΔK = 2Ksin(θ/2) the shift between the 
corresponding Dirac points of the twisted graphene bilayer, 
and K = 4π/3a (a ~ 0.246 nm is the lattice constant of the 
hexagonal lattice). Our result indicates that the rotation 
angle between graphene sheets not results in the reduction 
of the Fermi velocity. This differs much from that 
predicted by theory.  
The graphene bilayer was grown on a 25 micron thin 
polycrystalline Rh foil via a traditional ambient pressure 
CVD method. The process is similar to the systhesis of 
graphene on Pt and Cu foils, which were reported in 
previous papers [41,42]. The details of synthesis of the 
sample is described in the supplemental material [43]. The 
thickness of the as-grown graphene was characterized by 
Raman spectra measurements  (see Fig. S1 in the 
supplemental material [43]), as reported in our previous 
papers [41,42]. The STM system was an ultrahigh vacuum 
four-probe scanning probe microscope from UNISOKU. 
All STM and STS measurements were performed at 
liquid-nitrogen temperature and the images were taken in a 
constant-current scanning mode. The STM tips were 
obtained by chemical etching from a wire of Pt(80%) 
Ir(20%) alloys. Lateral dimensions observed in the STM 
images were calibrated using a standard graphene lattice. 
The STS spectrum, i.e., the dI/dV-V curve, was carried out 
with a standard lock-in technique using a 957 Hz 
alternating current modulation of the bias voltage. 
Figure 1(a) shows a large-area STM image of the 
graphene grown on polycrystalline Rh foil taken from a 
flat terrace of Rh surface (see Fig. S2 in the supplemental 
material [43] for a larger STM image). Clear periodic 
protuberances with a period of 4.9 nm are observed, as 
shown in Fig. 1(b). The periodic protuberances are 
attributed to the Moiré pattern arising from a stacking 
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FIG. 1 (color online). (a) A 200×200 nm2 STM image of graphene 
on Rh foil (Vsample = -600 mV and I = 0.34 nA). (b) Zoom-in 
topography of the white frame in (a) shows a moiré pattern with a 
period of 4.9 nm (Vsample = -280 mV and I = 0.06 nA). The inset is 
Fourier transforms of the superstructures. (c) Zoom-in image of 
white frame in panel (b) (Vsample = -351 mV and I = 0.14 nA). (d) 
Atomic-resolution image of the white frame in panel (c) (Vsample = -
496 mV and I = 0.17 nA). The twisted angle of the graphene bilayer 
is estimated as about 2.9o. 
misorientation between the top graphene layer and the 
underlaying layer. The twisted angle θ is related to the 
period of the Moiré pattern by D = a/(2sin(θ/2)) and is 
estimated as 2.9°. For monolayer graphene on a (111) 
surface of single-crystal Rh, the lattice mismatch between 
graphene (0.246 nm) and Rh(111) (0.269 nm) and the 
strong C-Rh covalent bond also lead to hexagonal Moiré 
superstructures. However, the expected periodicity is only 
about 2.9 nm resulting from a 12C/11Rh coincidence 
 
FIG. 2 (color online). (a-f) The 22 nm × 22 nm STM topographs of 
graphene bilayer with six different twisted angles. The period of the 
moiré pattern changes as a function of the twisted angle θ. (a) θ = 
1.0°, D = 14.1 nm,  Vsample = 317 mV, I = 0.47 nA. (b) θ = 1.3°, D = 
10.8 nm, Vsample = 560 mV, I = 0.33 nA. (c) θ = 1.6°, D = 8.8 nm, 
Vsample = 246 mV, I = 0.88 nA. (d) θ = 1.9°, D = 7.4 nm, Vsample = -
375 mV, I = 0.11 nA. (e) θ = 2.4°, D = 5.8 nm, Vsample = -304 mV, I 
= 0.34 nA. (f) θ = 2.9°, D = 4.9 nm, Vsample = -600 mV, I = 0.17 nA. 
lattice [44-46] (see Fig. S3 in the supplemental material 
[43] for STM images of monolayer graphene on a (111) 
surface of single-crystal Rh.). The smallest period of the 
Moiré pattern studied in this Letter is about 4.9 nm 
(corresponding to the twisted angle 2.9°). This eliminates 
the lattice mismatch of monolayer graphene and Rh(111) 
as the origin of the observed periodic protuberances. 
Additionally, for monolayer graphene grown on 
polycrystalline Rh foil, the coupling between graphene 
and the substrate is much weaker than that of monolayer 
graphene on a single-crystal Rh and the coupling strength 
varies on different monolayer graphene (see Fig. S4 in the 
supplemental material [43] for two typical STS curves 
recorded on two different monolayer graphene on 
polycrystalline Rh foil.). Due to the weak coupling, no 
periodic Moiré superstructures can be seen in monolayer 
graphene grown on polycrystalline Rh foil.  
Figure 1(c) and (d) show the atomic resolution STM 
images of the graphene. In twisted graphene bilayer, there 
is local Bernal-stacked regions, where a triangular lattice 
is expected to be seen [47]. However, only honeycomb 
lattice can be observed in atomic resolution STM image of 
the sample both on and between the protuberances, as 
shown in Fig. 1(d). In literature [47,48], both the 
triangular and the honeycomb lattice have been reported 
by many groups in graphite with Bernal-stacked lattice. 
The exact origin of this phenomenon is still not clear, as 
discussed in Ref. 47. 
Graphene bilayer with different twisted angles can be 
observed on the graphene samples grown on Rh foils. 
Figure 2 shows six typical STM topographs of graphene 
bilayer with different stacking misorientation angles. 
These systems provide an ideal platform to study the 
twisted angle dependent VHSs. For twisted graphene 
bilayer, the Dirac points of the two layers no longer 
coincide and the zero-energy states occur at k = -ΔK/2 in 
layer 1 and k = ΔK/2 in layer 2. The displaced Dirac cones 
cross at energies ±ћνFΔK/2 and two saddle points are 
unavoidable along the intersection of the two cones when 
there is a finite interlayer hopping [18]. 
Figure 3 (a) and (b) show the STM image and STS 
 
FIG. 3 (color online). (a) A typical STM iamge of graphene bilayer 
with the twisted angle ~1.1o (Vsample = -317 mV and I = 0.47 nA). 
The period of the moiré pattern is about 12.8 nm. (b) Tunneling 
spectra recorded on bright and dark regions of the moiré pattern at 
positions indicated in panel (a). The spectra show two peaks 
attributing to two Van Hove singularities. (c) Electronic band 
structure of twisted bilayer graphene with a finite interlayer 
coupling. Two saddle points (VHSs) form at k = 0 between the two 
Dirac cones, K and Kθ, with a separation of  ΔK = 2Ksin(θ/2). The 
low-energy VHSs contribute to two pronounced peaks flanking 
zero-bias in the tunneling spectra. 
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FIG. 4 (color online). Eight dI/dV-V curves taken on graphene 
bilayer with different twisted angles. Center of the two peaks  
flanking zero bias, which originate from the two Van Hove peaks of 
local density of states, are indicated by red solid dots.  
 
spectra of graphene bilayer with a twisted angle ~ 1.1°, 
respectively. Although the peak heights and degree of 
asymmetry of the spectra depend on their positions in the 
Moiré pattern (bright or dark regions in Fig. 3(a)), all STS 
spectra show two peaks flanking zero-bias, as shown in 
Fig. 3(b). Similar position dependent spectra were also 
observed in the Moiré pattern of the CVD-grown graphene 
deposited on a graphite surface [25]. The tunnelling 
spectrum gives direct access to the local DOS (LDOS) of 
the surface at the position of the STM tip. The two peaks 
in the tunneling spectra are attributed to the two Van Hove 
peaks in DOS, which originate from the two saddle points 
of the band structure, as shown in Fig. 3(c) (see Fig. S5 
and the supplemental material [43] for details of analysis). 
Figure 4 shows eight typical tunneling curves taken on 
graphene bilayer with different twisted angles. In order to 
ascertain the reproducibility of the results, several tens of 
tunneling spectra on different positions of the graphene 
bilayer with different twisted angles are recorded. 
Although the peak heights and peak positions of the 
spectra vary slightly, the main features of these dI/dV-V 
curves are almost completely reproducible (for example, 
see Fig. S6 of the supplemental material [43] for more 
STS spectra). Obviously, the two VHSs of these samples 
show a strong angle dependent energy difference. At a 
twisted angle θ ~ 1.3º, the two tunneling peaks show the 
least energy difference, which will be discussed 
subsequently. Additionally, the positions of the two VHSs 
are not always symmetric about the Fermi level, 
suggesting charge transfer between the graphene and the 
substrate. The magnitude of the charge transfer should 
mainly depend on the coupling strength between the 
sublayer graphene and the substrate, which varies in 
different samples (see Fig. S4 in the supplemental material 
[43]).  
     Figure 5 summarizes the energy difference of the two 
VHSs ΔEvhs as a function of the twisted angles (see Fig. 
S7 of the supplemental material [43] for methods to 
choose the positions of VHSs.). Except at 1.3º, ΔEvhs 
increase linear with the sine of the twisted angle (or the 
twisted angle for small angles). Theoretically, it is 
predicted that the position of the two VHSs can be simply 
estimated by ΔEvhs = ћνF’ΔK - 2tθ [25,33,37]. Here, tθ is 
the interlayer hopping parameter and νF’ the renormalized 
Fermi velocity of bilayer graphene. With assuming tθ is a 
constant that independent of the twisted angle, the value of 
ΔEvhs is expected to increase linear with the twisted angle. 
Li et al. studied the VHSs of the CVD-grown graphene 
monolayer deposited on graphite with three different 
twisted angles and reported this linear dependence (in their 
experiment, 2tθ ~ 0.216 eV is obtained.) [25]. Their result 
is also plotted along with our experimental data in Fig. 5. 
Obvious deviation between our experimental result and 
their data is observed.  
      Our experimental result reveals that the energy 
difference of the two VHSs follows ΔEvhs ~ ћνFΔK 
 
FIG. 5 (color online). The energy difference of the two VHSs ΔEvhs 
as a function of the twisted angles. The solid black circles are the 
average experimentally measured values obtained from several tens 
of tunneling spectra for each twisted angle and the error bars in 
energy represent the minimum and maximum observed energies of 
ΔEvhs. The open triangles are the experimental results taken from the 
CVD-grown graphene sheet deposited on graphite, as reported in 
[25]. The red dashed line is plotted according ΔEvhs = ћνFΔK, where 
νF ~ 1.1×106 m/s, ΔK = 2Ksin(θ/2)). The black dotted curve is the 
guide to eyes.    
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between 1.0º and 3.0º except at 1.3º, where νF ~ 1.1×106 
m/s. It suggests that the displaced Dirac cones of slightly 
twisted graphene bilayer cross and two saddle points are 
formed along the intersection of the two cones at energies 
about ±ћνFΔK/2. This indicates that the rotation angle 
between graphene sheets not results in significant 
reduction of the Fermi velocity. In literature, Landau-level 
spectroscopy of twisted graphene bilayer demonstrated a 
negligible renormalization of the Fermi velocity [49]. 
Hicks et al. measured the band structure of slightly twisted 
graphene bilayer with θ ~ 1.7º, 2.4º, and 4.2º by using 
angle-resolved photoemission and also did not detect any 
significant change of the Fermi velocity [27]. Very 
recently, the problem about the Fermi velocity of slightly 
twisted graphene bilayer is discussed theoretically and two 
distinct electronic states of this coupled system are 
predicted to account for the two distinct results [50]. In 
refs. [25,26], the experiment was carried out on CVD-
grown graphene monolayer deposited on graphite and the 
top layer of graphite was considered as an isolated 
monolayer graphene. In fact, there is strong coupling 
between the top layer and the deeper layers below the 
graphite surface. The electronic band structure of a 
graphite differs quite from that of monolayer graphene. 
This may be the origin of the observed reduction of Fermi 
velocity in [25,26].    
The large deviation of ΔEvhs between our experimental 
result and the data in Ref.[25] mainly arises from the 
magnitude of the interlayer hopping parameter. In their 
experiment, 2tθ ~ 0.216 eV is obtained to account for the 
experimental result. In our experiment, the two saddle 
points appear at energies about ±ћνFΔK/2, which suggests 
that the magnitude of tθ is negligible compared with 
ћνFΔK (it is interesting to note that although the magnitude 
of tθ is negligible in our system, it still results in two 
saddle points that lead to two VHSs in DOS.). The effect 
of the substrate may be the possible origin of the different 
interlayer hopping. Further experiments carried out on 
graphene bilayer grown on different substrates are 
expected to uncover the exact nature of this difference.  
Additionally, the abrupt reduction of ΔEvhs at θ ~ 1.3º 
observed in our experiment is very interesting. The 
observed ΔEvhs ~ 0.11 eV is much less than the expected 
value ћνFΔK ~ 0.28 eV at 1.3º. There are two possible 
origins for this observation. The first one is that some 
unknown effects enhance the interlayer coupling strength 
at θ ~ 1.3º, resulting in a small ΔEvhs. The second non-
trivial one is that there are flat bands in twisted graphene 
bilayer with twisted angle around 1.3º and the reduction of 
Fermi velocity around 1.3º leads to the small ΔEvhs. If this 
is the case, then the abrupt reduction of ΔEvhs at θ ~ 1.3º is 
beyond the description of any continuum model 
[32,33,35,37-39]. A resolution of this issue requires 
further theoretical analysis and experiments. Very recently, 
two theoretical studies suggest that superconductivity 
could be induced in graphene by involving repulsive 
electron-electron interactions [51,52]. One possible 
approach is to raise the Fermi level up to the vicinity of a 
saddle-point in graphene’s electronic structure [52]. This 
is very difficult to achieve in monolayer graphene, but to 
some extent easy to realize in twisted graphene bilayer, in 
which the saddle-point locates not far from the Fermi level, 
as shown in Fig. 4. For the twisted graphene bilayer with θ 
~ 1.3º, one saddle-point is natural placed at the Fermi 
energy, as shown in Fig. 4 and Fig. S6. Further 
experiments will be carried out to explore the novel 
superconductivity in graphene bilayer.  
In summary, we address the twisted angle dependent 
VHSs in graphene bilayer grown on Rh foil. The energy 
difference of the two VHSs follows ΔEvhs ~ ћνFΔK, 
between 1.0º and 3.0º. Our result indicates that the rotation 
angle between graphene sheets not results in significant 
reduction of the Fermi velocity. The experimental results 
reported here suggest that the bilayer graphene grown on 
Rh foil provides an ideal platform for VHSs engineering 
of electronic properties and exploring many attractive 
phases.  
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Figure S4. Two typical STS curves recorded on two different monolayer graphene on 
polycrystalline Rh foil. The arrows point to the positions of the Dirac points, 0.0 eV 
and 0.2 eV of the two different samples respectively. The magnitude of charge 
transfer between the graphene and the substrate, which reflects the coupling between 
the graphene and the substrate, varies on different monolayer graphene samples. We 
believe that this is the main origin of the variation of the magnitude of the charge 
transfer observed in twisted graphene bilayer, as shown in Fig. 4 in the main text.      
 
Tight binding model for twisted graphene bilayer  
The Hamiltonian for the bilayer with a twist has the form ܪ ൌ ܪଵ ൅ ܪଶ ൅ ܪୄ, 
where H1 and H2, are the Hamiltonians for each layer, H⊥ is the interaction 
Hamiltonian between the two layers following the model in reference S2. The 
Hamiltonians of H1, H2, and H⊥ can be expressed as   
†
1 ,
( . .)
i jA Bi j
H t c c H c< >= − +∑ ,                     (1) 
†
2 ,
( . .)
i jA Bi j
H t c c H c′ ′< >= − +∑ ,                     (2) 
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†
,
( ) ( ) ( ) . .i i i i iH t r c r c r r H c
αβ
α βα β⊥ ⊥= + Δ +∑  .          (3) 
Here ∆ݎ௜ is the horizontal (in-plane) displacement from an atom of layer 1 to the 
closest atom in layer 2, the sublattice α = A, B, and β = A′, B′,  ݐୄఈఉሺݎሻ is the hopping 
amplitude between nearest neighbor atoms from different layers. For twisted graphene 
bilayer, the Dirac points of the two layers no longer coincide and the zero energy 
states occur at k=െ∆K/2 in layer 1 and k=∆K/2 in layer 2, as shown in Fig. S5. For 
small angles of rotation, the values of ݐୄ
ఈఉሺ࢘ሻ are equal for G = 0, G = -G1, and G = 
-G1-G2 and much smaller for all other G vectors. It means that the states of 
momentum k in layer 1 (2) are coupled directly only to states of layer 2 (1) of 
momentum k (k), k+G1(k-G1) and k+G1+G2(k-G1-G2) (here G1 and G2 are the basis 
vectors of the reciprocal lattice of the Moiré superlattice). As a consequence, the low 
energy spectrum near the Dirac point of the twisted graphene bilayer can be well 
described by the Hamiltonian including only the six momentum values, k, k+G1 and 
k+G1+G2in layer 2 and k, k-G1 and k-G1-G2 in layer 1 [S2,S3].    
One of the most striking results predicted by this model is the significant 
angle-dependent reduction of the Fermi velocity in slightly twisted graphene bilayer. 
However, our result indicates that the rotation angle between graphene sheets not 
results in significant reduction of the Fermi velocity. The experimental result reported 
in this Letter reveals that the energy difference of the two VHSs follows ΔEvhs ~ 
ћνFΔK between 1.0º and 3.0º except at 1.3º, where νF ~ 1.1×106 m/s is the Fermi 
velocity of monolayer graphene. It suggests that the displaced Dirac cones of slightly 
twisted graphene bilayer cross and two saddle points are formed along the intersection 
of the two cones at energies about ±ћνFΔK/2. It is interesting to note that although the 
magnitude of the interlayer hopping parameter tθ is negligible in our system, it still 
results in two saddle points that lead to two VHSs in DOS. 
 
 
Figure S5. (a) Structural model of two misoriented honeycomb lattices with a twist 
angle that satisfies a condition for commensurate periodic structure leading to Moiré 
patterns. The two sublattices in layer 1 and 2 are denoted by A, B and A′, B′, 
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respectively. (b) Geometry of the Brillouin zone of the Moiré superlattice. G1 and G2 
are the basis vectors of the reciprocal lattice of the Moiré superlattice. The zero 
energy states occur –ΔK/2 of layer 1 and ΔK/2 of layer 2. The low energy states 
near ΔK/2 of layer 2 are coupled to states of layer 1 at ΔK/2, ΔK/2‐G1, and ΔK/2 
‐G1‐G2. Two saddle points (VHSs) form at k = 0 between the two Dirac cones, K 
and Kθ. (c) Electronic band structure of twisted bilayer graphene with a finite 
interlayer coupling calculated with the four‐band model. Two saddle points 
(VHSs) form at k = 0 between the two Dirac cones, K and Kθ, with a separation of  
ΔK  =  2Ksin(θ/2). The low‐energy VHSs contributes to two pronounced peaks 
flanking zero‐bias in a typical tunneling spectrum obtained in our experiment. 
 
 
 
 
Figure S6. Left panel: fourteen dI/dV-V curves taken on graphene bilayer with the 
twisted angle 1.1o. Right panel: six dI/dV-V curves taken on graphene bilayer with the 
twisted angle 1.3o. Although the peak heights and peak positions of the spectra vary 
slightly, the main features of these dI/dV-V curves are almost completely reproducible. 
The dashed lines are guide to the eyes.  
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Figure S7. A typical dI/dV-V curve (blue solid curve) taken on graphene bilayer with 
the twisted angle 1.1o. The red dashed curve is the sum of two Guassian peaks (shown 
in green) and a simple polynomial background. The two methods result in almost 
identical positions of the VHSs. 
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